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Summary

An exact solution is obtained for the problem of the diffraction of a cylindrical sound wave by an absorbent
semi-infinite plane. The two faces of the half-plane have different impedance boundary conditions. The problem
which is solved is a mathematical model for a noise barrier whose surface is treated with two different
acoustically absorbent materials.

The usual Wiener-Hopf method (which is the standard technique for solving half-plane problems) has to be
modified to give a solution to the present mixed boundary value problem.

1. Introduction

Unwanted noise from motorways, railways and airports can be shielded by a barrier which
intercepts the line-of-sight from the noise source to a receiver. The acoustic field in the
shadow region of a barrier, when transmission through the barrier is negligible, is due to
the diffraction at the edge alone. The design and performance of noise barriers, particu-
larly for the reduction of traffic noise, has received considerable attention in recent years;
see the review article by Kurze [1]. Noise shielding by barriers (aircraft wings) also has
important applications in aircraft noise reduction; see the review article by Jones [2].

An effective way of reducing the noise level in the shadow region of a barrier is to line
one or both faces of the barrier with absorbent material. The rationale for such a noise
barrier design is given in Rawlins [3]. The presence of an acoustically absorbing lining on
a surface is described by an impedance relationship between the acoustic pressure ( p) and
the normal acoustic velocity fluctuation on the lining surface (Morse and Ingard [4]). This
gives rise to a boundary condition on the absorbent lining of the form

—6—5—=ikﬂp, Re 8> 0, (*)
where the sound wave has time harmonic variation e ', and k = w/c; ¢ is the velocity of
sound, n the normal pointing into the lining, and B8 the complex specific admittance of the
acoustic lining. An acoustically hard (or perfectly reflecting) surface has a vanishing
admittance, i.e. | 8| = 0, and an acoustically soft surface (pressure fluctuation vanishing on
surface) is given by | 8| = .

If the wavelength of the sound is much smaller than the length scale associated with the
barrier, the diffraction process is governed only by the local conditions at the edge. Hence
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a rigid noise barrier with absorbent material on one face can be modelled by a
semi-infinite plane, one face of which is absorbent and the other rigid. The solution of this
problem for the special case |8| — oo (i.e. the absorbent surface boundary condition (*)
replaced by a soft boundary condition) was given by Rawlins [3]. This problem corre-
sponds to the physical situation of diffraction by a half-plane, one face of which is
acoustically soft and the other face being rigid. A modification of the standard Wiener-
Hopf technique was used to obtain a solution of the problem. Later, Williams [5] obtained
the same solution by a much simpler approach. However, the approach of [3] can be
adapted to deal with the more complicated situation where B is finite. A similar approach
to that used in Rawlins [3] and here, was followed by Hurd and Przezdziecki [6,7] in their
solution of the problem of plane-wave diffraction by a half-plane with different face
impedances. However, it is shown that the present approach is more- straightforward in
that it separates the function-theoretic Wiener-Hopf factorisation of a matrix, from the
boundary value problem analysis. This is the traditional approach for Wiener-Hopf
problems. We shall show that the usual Jones’ method [8] can be used to set up a system
of Wiener-Hopf equations. These equations can be uncoupled if a matrix function can be
factorised. It is shown that this is indeed the case, the factorisation being reduced to the
solution of two standard Hilbert problems.

In Section 2 a boundary value problem is formulated for the diffraction of a cylindrical
sound wave by a half-plane with different face impedances. To ensure a unique solution
an “edge condition” (Jones [9]) is imposed. This edge condition is the usual one associated
with diffraction theory (i.e. that the sound energy is bounded in a finite region around the
edge of the half-plane).

In Section 3 a solution is obtained for the boundary value problem set up in Section 2.
The method used is the standard Jones’ technique of representing the acoustic potential
function as a Fourier transform. This leads to a coupled system of Wiener-Hopf
equations. To uncouple the equations, and therefore to be able to apply the usual
Wiener-Hopf argument, a matrix function has to be factorised. This is carried out in
Appendix A with the help of results given in Appendix B. In Section 4 the solution, which
is in terms of double integrals, is asymptotically evaluated for source and receiver
positions well removed from the edge of the half-plane. Explicit expressions are obtained
for the diffracted field and the geometrical acoustic field.

2. Formulation of the boundary value problem

We shall consider small amplitude sound waves diffracted by a half-plane. The half-plane
is assumed to occupy x <0, y =0, and to be infinitely thin and rigid with its surface
treated with acoustically absorbent material (see Fig. 1). The upper surface (x <0,y =0")
will therefore require the satisfaction of the absorbing boundary condition p — Z,u, = 0,
while on the lower surface (x <0, y = 07) the boundary condition p + Z,u, = 0 applies.
Here p is the acoustic pressure and u, is the normal component of the perturbation
velocity at a point on the surface of the half-plane. The acoustic impedance of the upper
(lower) surface is Z;(Z,). We shall restrict our consideration to a harmonic time
dependence, with the time factor e™*“* being suppressed throughout.

The perturbation velocity # of the irrotational sound waves can be expressed in terms
of the velocity potential x(x, y) by u = grad x. The resulting pressure in the sound field is
given by p =iwpyx(x, y) where p, is the density of the initially undisturbed ambient
medium.
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The primary source is taken to be a line source, parallel to the half-plane edge, at a
position (x4, y,), ¥, > 0. The problem we are considering becomes one of solving the wave
equation

2x 02
e B 83— )0 0). M

in all space excluding the half-plane; here k = w/c and ¢ is the speed of sound in the
initially undisturbed medium. The effect of the half-plane is described by the boundary
conditions

(:—y+ik,81)x(x,0+)=0, x<0, (2)

(%—ikﬂz)x(x,O’)=O, x <0, (3)

where 8, = p,c/Z,, B, =pyc/Z, are the specific admittances of the absorbent surfaces,
and for acoustic absorption Re(f;) > 0, Re(B,) > 0, see Morse and Ingard [4].

In order that the solution to the boundary value problem (1-3) be unique, we shall also
require that the field be continuous and that the edge shall not radiate any energy; also
that the field should be radiating outwards at infinity, see Jones [9]. The condition that the
edge does not behave like a source, and therefore radiate energy, requires that the field
near the edge behave like

x=0(1), grad x=0(r"'"?), (4)
s 2\1/2
asr=(x?+y%)"" >0, |B]<0,|By<c0.
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Figure 1. Geometry of the diffraction problem.
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The behaviour of the edge field as given in the above expression is different to that
given in Rawlins [3] where |8,] = o0, B, =0. We have here excluded the latter case and
also |B,| = oo, B;=0. The reason being that the solution obtained is not uniformly
continuous in the limit |8,| = oo or |B,| = «©

3. Solution of the boundary value problem
the analysis we can set k, =0

We shall assume, for analytical convenience, that k = k, + ik,, k, > 0, k

Define X (a, y), where a is a complex variable, by

> 0. At the end of
(e, y)= [ x(x,y)edx.

(5)
The radiation condition requires that the phase dependence of x(x, y), as |x| = oo, behave
like e~ 1. In view of this it can be seen that %(a, y) will exist for —k, < Im(a) <k
Then it follows from (1) that % (a, y) satisfies
d’x . 2
—= g =e'"%§(y—
PR (y =)

Yo> 0,

(6)
will always have a positive imaginary part in the region [Im(a)| < k,. A solution of (6) for
a in the strip [Im(a)| < k;, which decays as |y| — oo, is given by

X(a,y)

where x = (k% — a?)!/? is defined to be that branch for which x = k when a = 0. Then «

= A(a) exp[ixy] +exp[i{ax, + x|y = yl}] /(2ix), (y>0),
= B(a) exp[ —ixy]
Let

(7)
(8)

(y<0).

o7 (@)= [° [x(x:07) ~x(x,07)] edx

9
®; (a)=f_ow[g—;(-(x, o+)—%;<-(x 0 )] faxgx,

(10)

¥ (a) = f [( +thl)x(x 0+)] e*dx,
' AOE f [

(1)
lk,32 x(x 0~ )] e‘**dx.

(12)
Then ®;,(«) are analytic for Im(a) <k;, and ¥;,(a) are analytic for Im(a)> —k
Throughout this work a superscript (or subscript) plus or minus attached to any function
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will denote that the function is analytic in Im(a)> —k; or Im(a) < k;, respectively. Using
the expressions (2), (3), (5), (7) and (8) in the expressions (9) to (12) gives

®; (a)=A(a)— B(a)+expli{ax, + ky, }] /(2ix), (13)
®; (a) =ix(A(a) + B(a)) —exp|i{ax, +xy }] /2, (14)
Vi (a) = A(a)(ix + ikB,) + (— ik + ikB,) expli { axy + k3, }] /(2iK), (15)
¥ (a) = —B(a)(ix + ikB,). (16)

Eliminating A(a) and B(a) from (13) to (16) gives the matrix Wiener-Hopf equation

‘I’+(a)=K(a)¢—(a)+D(a)> (17)
where
O ed IR b 8)
1 i(x + kB;) (k+kBy)/x
=2 v k) '(Hkﬁz)/x)’ (19)
| (kB —x) exp[i{ axy +xy; }] /(2¢)
Dla)= ( — (kPy + x) expli (axg + k30 }] /(26) ) (20)

The expression (17) constitutes a coupled system of Wiener-Hopf equations. The standard
Wiener-Hopf technique can only be applied if the system (17) can be uncoupled into two
separate Wiener-Hopf equations. This requires that the matrix function K(a) can be
factorized. This is not a trivial operation and it is not always obvious that one can in fact
factorise the matrix. In the present problem it is shown, in Appendix A, that the matrix
K (a) can be factorised such that

K(a)=U(a)L Y a), (21)
where
_ un(a)  up(a) _ hh(a) Iy(a)
U(a)-(uzl(a) “22(0‘))’ L(a)_(lzl(a) 122(0‘)). @)

The clements of U(a) are given, see Appendix A, by

(@)= - (Vi + o+ kB, (+) )(Vk + a + kB, (-) ) 2
il (ko + kB, (+) ) (Vk+a + KBy () )

exp[% [ e u)du],

(23)
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| o] o9

(@) = (k+a)%uy (), (25)

Uy (a) = —(k+a) 2uy(a), (26)
where

iy o () o (1)

urk 2a(u+kyf1-87) 27(u—k 1- 87

cos"l(—\/ﬂ?) cos“(@)
+ +

217(u+k 1—,322) 2w(u—k l—,Bzz)

kB, cos 1(u/k){ 1 }
u+kl—B, u—k 1- B}

k,32 cos 1(u/k){ 1 } 27)
u+k 1-32 R 1-p2 )

and

Bl,z(i')=1ivl-:312.2- ) (28)

The elements of U(a): u;;, i, j =1, 2, are analytic in Im(a) > —k,. The elements of L(a)
are analytic in Im(a) < k; and are given in terms of the expressions (23) and (24) by

1y(a) = up(a) 1 uy(a)

Tkt kB ikt KBy (29)
_ uy (a)(k + a)l/z _ un(a)(k + a)l/z
TP EY T N R PEY7.N (0
121(“)_ u”(a)x_ uZI(a)K (31)

Ck+ kB, k+kBy’

_up(a@)k(k+ c\z)]/2 uy (a)x(k + a)'?

la(@) === 208, ktkB, (32)
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Having factorised K(«) explicitly, we substitute (21) into (17) giving
U ' (a)¥,(a)=L Y a)®_(a)+ U Y(a)D(a), (33)

since U(a) and L (a) are non-singular matrices. By carrying out the matrix multiplication
in Eqgn. (33) we obtain the two equations

(Det U)_l(“zz‘I'1+ —u, ¥, ) = (Det L)—l(lzzq)f - 1,9, )+ Gy, (34)
(Det U)_l( —“21‘I'1+ + “11‘I'2+) = (Det L)_l( =19, + 111(1)2_) +G,, (35)
where

G,(a) = (Det U)_l{“zz(a)(kﬂl _")‘*‘“12(0‘)(1‘32"’")}

X exp|i{axy+ kyo }]/(2k), (36)
G,(a) = (Det U)_l{ —uy (a)(kB,—«)— up (a)(kB, + ")}
X expli {axg + k3] /(25), (37)

Det U(a) = “11(“)“22(“) - “12(‘1)“21(0‘),
Det L (a) = I;;(a)l(a) =, (a)ly(a).

By means of Cauchy’s integral theorem, see Noble [10], we can let

G,(a)=Gi(a)+Gi(a), Gy(a)=G;(a)+Gy(a), (38)
where
+ 1 o Fimn Gl(t)
Gl—(a)= ii?if_wx" t—_;d[, (39)

1wy Gz(t)d

t =
G2 (a) +27Tl — oo Fim l—a

+ ! O<m <k, (40)
The representations (39) and (40) with the upper (lower) sign are valid when Im(a)>
—7(Im(a) < 7;) and define G7,(a)(G1,(a)) as analytic functions in Im(a) > —7,(Im(a)
< 7). We note that in the limiting case of 7, =k,=0 the above integrands have an
integrable singularity at t = — k. This follows from the results (A47) of Appendix A, which
show that G,(t)= O(1), G,(t)= O((k + t)~'/?). Standard asymptotics also shows that

Gi5(a)=0(a™"), as |a| - o, (41)

in their regions of regularity.
We may now write (34) and (35), by means of (38), in the standard Wiener-Hopf
forms:

(Det U)_l(“zz N —“12‘I'2+)_G1+ = (DetL)_l(Izzq)f —112(1’2_)"'61_, (42)

(Det U)"1(~u21\1r1+ +u ) -GS = (DetL)“(—121<I>,’ +1,0;)+G; . (43)
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In order to be able to apply the normal Wiener-Hopf argument to (42) and (43) we shall
require some knowledge of the behaviour of the functions as |a| = oo.
The edge condition (4) requires that the transformed functions must behave like

& (a)=0(a™), O, (a)=0(a"'?) for Im(a)<k, |a— o;

¥ (a)=0(a™17?), ¥ (a)=0(a"?) for Im(a)> —k la] = 0.

(44)
By using the above results in conjunction with (41) and the asymptotic growth estimates

(A45) and (A46) of Appendix A we find that:
For Im(a)> —k, as |a| = oo,

(Det U)—luzz " =0(a”?), (Det U)_lulz S =0(a”1?),
Gy (a)=0(a™"), G; (a)=0(a™?), (45)
(Det U) ™ 'uy ¥ = 0(a™), (Det U) 'u %t = 0(a™).

For Im(a) < k; as |a| > oo,

(Det L) '1,®7 = 0(1), (Det L) '1,,8; = O(a™172)
Gi(a)=0(a™"), G; (a)=0(a™"), (46)
(Det L) '1,,®; = O(a™'?),  (DetL) '1,,®; = O0(a™").

The results (45) and (46) show that the left-hand side and right-hand side of the equation
(43) are analytic and asymptotic to o(1) as |a| = cc in Im(a)> —k; and Im(a)<k,,
respectively. Similarly the left-hand side of Eqn. (42) is analytic and asymptotic to o(1) in
Im(a)> —k, as |a] = oo, whereas the right-hand side is analytic and asymptotic to O(1) as
|a] = oo in Im(a) < k;. Thus by Liouville’s theorem the analytic function which is a
continuation of both sides of these equations in the entire a-plane is a constant; the
constant being zero. Hence

+

U''v.=G =(Gl ):up = UG
+ + + +

GF
or
¥ =Gluy + Gyuy,, (47)
V=Gl uy + G uy,. (48)

By substituting (47) and (48) into (15) and (16) we have
A(a)=~i(x+ k.31)_1(G1+“11 +GFuy) +(k— kB ) (x + 1‘.31)—1
x exp[i{axq + Ky, }] /(2ix),

B(O‘)=i("+kﬁz)_l(0r“21+G;“22), (49)
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which on substituting into (7) and (8) and using the inverse Fourier transform of (5) gives

oo +iT Gf'u“ + G;ulz (K—kﬁl) ei(axo+xy0) x4
+ fax ncyd
x(x,y) = 2wf_°°+,,{ i(x + kB,) (c+kBom | © *
1 2 2
+ o HO (R (=50 +(r=0)), (1> 0), (50)
00 +iT G1+u21+G;u22 —iax—ixy
i St S S’ 73 iax—ikyq <0 , 51
27Tf_oo_+_,.,.{ —i(k+kB,) © * (y<0) (51)

-k, < -1 <r<k,

as the solution to the original boundary value problem. As a check, if we allow 8, =8,=0
the expressions (50) and (51) reduce to the known result (see Noble [10, p. 87]) for the
diffraction of a line source field by a rigid half-plane.

The physical interpretation of the solution given by (50) and (51) is made more
apparent by asymptotically evaluating the integrals for the receiver point (x, y) such that
k(x?+y?)1/?2 > o0. This corresponds to the observer at (x, y) being in the far field. In
practice if the line source at (x,,y,) and the receiver at (x, y) are more than two
wavelengths from the edge (0, 0) of the barrier then to a good approximation we can
assume that we are in the far field, and the incident field is a plane wave.

4. Asymptotic expressions for the far field

The asymptotic methods though straightforward are tedious. We shall merely outline the
calculations, more details of the techniques can be found in Noble [10]. Consider first

G{,(a) as given by (39) and (40); let k be real, then 7, = 0 and the integration path along
the real axis is indented below the point 7 = a. Substitute x, = r, cos 8, y, = ry sin 8,
0<@,<m t=kcos§ 0<Reé <, then the integrand has a saddle point at £ = §,. The
integration path is now deformed into the steepest-descent path S(6,) described by
Re[cos(§ — 6,)]=1, Im[cos({—6,)]>0. In the deformation the pole at kcos =« is
intercepted if a <k cos §,. The integral along S(f,) is asymptotically expanded as
kry, — oo by means of the saddle point method.

Thus it is found that

1 (B —sin by ) uy,(k cos 8y) + uy,(k cos 6,)(B, + sin )

+ A~
Gi(a) 47 Det U(k cos 6, )(cos 8, — a/k)

X 2_77 eikro—iﬂ/4
kr,

+ (kBy — k) tyy (&) + (kBy + k) uyy (@)
2k Det U(a)

H[k cos 8, — a] e'l@xot*ro) - (52)
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63 (a) _ =1 (B, —sin ) uy, (k cos 8y) + (B, + sin 6;) uy, (k cos §,)
2 4xi Det U(k cos 8,)(cos 8, — a/k)

X 27 eikro=im/4
kr,

(kB = ) () + (kB + 6y ()
2k Det U(a)

H(k cos 8, — a] e’*xet*r0) - (53)

where H[x]=1 for x > 0, H{x]= 0 for x < 0 (Heaviside step function); the result is valid
for kry > o0, —k < a < k; the second terms arise from the residue contributions.
The results (52) and (53) for G},(a), when inserted into (50) and (51), give

x(x,¥)=xp(x, )+ x64(x, ), (54)

where

( )_ 2_,” ei/(ro—i'n'/lli
Xol oY) =\ ey ~ dmi 2

X fOOﬁT, [(B, — sin 6 ) uy, (k cos 6y)uy, (@) +( B, + sin 8y) uy, (k cos 6 ) uy, ()

— (B, —sin 00)“21(1‘ cos 8 )uy, (@) — (B, + sin 8;) uy, (K cos 00)“12(“)]
X [Det U(k cos 8,)(cos 8, — a/k)i(x + kB,)] ' e ®**®da,  (y>0), (55)

Qar eikro—i'rr/4 1

h Eg 47i 2w

xfw+i7[(Bl — sin 8 ) u,, (k cos 8,) uy, (@) +( By + sin 8y) uy, (k cos 8y ) uyy ()

o +iT

— (B — sin 8y )uy (k cos 8) uyy (a) — (B, + sin 8, )uy; (k cos 00)“22(0‘)]
X [Det U(k cos 8, )(cos 8, — a/k)(—i)(k + kB,)] ' e~ "da,  (y<0);
(56)

Xoa(X, ) =4l,.Hé”(k\/(x ~x) +(y =) )

—ia(x~xg)+ik(y+yg)

2ik

{H[kcosﬁo—oz]—l}e

da,

1 oo+ir kBl_K
" 27 '/—oo+i~r( kBy +x

(y>0), (57)

—ia(x—~xo) +ik{yo—y)

1 oo +ir (<]
=§;f Hk cos 6, — a] da, (y<0). (58)

—oo+ir 2”‘



47

The integrals in the expressions (55) and (56) can be asymptotically expanded for
kr — oo by the saddle point method following the usual steps: substitute x = r cos 8,
y=rsing, —w<8<m a=kcos§ 0<Reéf<n, then the integrand has a saddle point
at {=m— 6 and { =7 + 0, respectively; deform the path of integration into S(7 — 8) and
S(7 + ), respectively; apply the saddle point formula. This gives

X p(r cos @, rsin @)~ —}; \/ wiro e'ko=i"/4p (9, 6,) i;;r (59)
where
e 8| ot
D(8, b) = - 2V27k (cos 8+ cos 6,) cos(8,/2)
y Isin 8| (lsin 0l-8,\""
((sin 6+ B,)(sin 6 — B,)}'/* | Isin 61 + B,
(V2sin8/2+ /B,(+) )(V2sin 02+ {B,(-) ) |
(VZsin 8/2+ /B,(+) )(V2sin 6,2 + /B,(-))
: . 6 b
X {(B1 —sin 00)(sm§ + cos?)
(VZcos 8,/2 + /B, (+) )(V2 cos 8,2 + /B, (=) ) |2
(\/fcos 6,/2 + B, (+) )(\/fcos 6,/2+ {B,(—) )
+(B, +sin 00)(cos% - sing)
(\/fcos 60/2 + yB,(+) )(\/fcos 6,/2 + B, (—) ) i (60)
(\/fcos 6,/2 + \/B2(+))(\/§cos 6,/2 + \/Bz(—)) ’

kr— o0, kry— o0, 0<f,<m, —g<@<m, cos 8 + cos 6, # 0.

In a similar fashion the integrals appearing in the expressions (57) and (58) can be
asymptotically evaluated by the saddle point method. In the integrand of the expression
(57) let x —xy=R,cos8,, y+y,=R,sinb,, 0<8,<7, a=kcos ¢ 0<Re¢<m and
in the expression (58) let x —x,= R, cos 8, y —y,= —R, sin §,,0< 8, <=, a = k cos ¢,
0 <Re £ < 7 (see Fig. 1). The saddle point of (57) and (58) is then given by { = 7 — 8, and
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£ =m — 0,, respectively. Deforming the path of integration into S(« — 6,) and S(7 — 6,),
respectively, and applying the saddle point formula gives

Xca(rcos,rsind)~ \/:k: R+ \/ kaz ertfamint §1+:22 )
X {H[cos ,+cos §,] -1}, 0<8@<m, kR, o0;
~—17 ie""R“"”/“H[cosﬂo+-cos01], -7<6<0, kR, .
4i \ wkR,
By using the fact that
Hlcos b, +cos0,] —1=—H[8+6,— ],
Hlcos 8, + cos 0,] = H[0 — 8,+ = |H[ 0]
for0<@,, <=, 0 <6, <x, we can rewrite the above expression for x;, as
Xa(r cos 8, rsin 0)~21;‘/;f;e'”"’"/4H[0—00+7r]
1
‘%1/713Eeikkri"/4 ————ﬁiliﬁﬁj)}![ﬂ%-w], (61)
-7 <@<m, kR, — o0, kR, — 0.

If the expressions (59) and (61) are substituted into (54) we have finally the expression
for the far field

x(rcos 8, rsin @) =21;H(§‘)(kR1)H[0 —0,+ 7]

1 sin 4, — B8
n 222 M -
+41,H0 (kRZ)(sin02+,Bl H[0+86,— 7]
+ L HO (k) D(8, § )—e'k' (62)
40 2o N
kr— oo, kry — o0, —g<@<m, 0<8,<m, 0+ +(m—86,),

where D(0, §,) is given by (60) and we have replaced the asymptotic term (2/7z)'/? expliz
— im/4)] by the Hankel function H{"(z); it is understood that its asymptotic form is used
in (62).

The physical interpretation of the result (62) in conjunction with Fig. 1 is now obvious.
The first term represents the incident cylindrical wave due to a line source at (xg, y,). The
second term is the wave reflected from the upper impedance face of the half-plane. This
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reflected wave appears to radiate from an image line source at (x,, —J,). The reflection
coefficient (sin 8, — B8,)/(sin 8, + B,) occurring in the second term, is the same as for
reflection of a plane wave incident at an angle = — 8, on an infinite absorbent plane. The
first two terms of the expression (62) represent the geometrical acoustic field and they will
not exist everywhere. The regions where they are present are governed by the Heaviside
step functions which multiply the Hankel functions. Physically these regions correspond to
the shadow and insonified regions. On the boundary between these regions the arguments
of the Heaviside step functions vanish. The last term of the expression (62) represents the
diffracted field, which is a cylindrical wave which appears to radiate from the edge of the
half plane, to all points in space.
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Appendix A

In this appendix we shall factorise the matrix K(a) given by the expression (19) of the
main text. In order to simplify the formulae of this appendix we shall assume k is real, i.e.
k;=0. There is no loss of generality in this assumption. The end results are analytic
functions of k which will be valid for &, > 0 by analytic continuation. We shall reduce the
problem of factorisation to the solution of a set of Hilbert problems. These Hilbert
problems are then solved by Muskhelishvili’s theory [11]. Some asymptotic growth
estimates conclude this appendix.

Reduction of the matrix factorisation problem to Hilbert problems
We assume a factorisation of the form
K(a)=U(a)L™(a), (A1)

exists where

h(e) I;(a)
Lla)= (121(“) 122(“))’ (42)
_ up(a)  up(a)
V)= (“21(0‘) “22(0‘)). (43)

The elements /;;, (i,j=1,2) of L(a) are assumed to be analytic in the cut a-plane
larg(k — a)| < 7. The elements v, (i, j = 1, 2) of U(a) are assumed to be analytic in the cut
a-plane larg(k + a)| < 7. This means that L(«) is analytic everywhere except along the
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branch cut k <a < oo, Im(a)=0; and U(a) is analytic everywhere except along the
branch cut —o0 <a < ~k, Im(a)=0.
We note from the expression (19), that

Det K(a)= —i(x+ kB, )(k+kB,)/(2k) # 0, (A4)

in the cut a-plane, since —7/2 <arg(k)<mw/2 and Re(kB,;)> 0, Re(kB,)> 0. Hence
K(a), and consequently U(a) and L™ !(a) are non-singular matrices in the cut plane. We
now analytically evaluate the left hand side, and consequently the right-hand side of (A1)
about the branch cut at « = —k. This gives

K (§)=U (L@ __

K@=u L) T ")

where in this appendix only we use the notation F*(§¢) = F(]¢] ™) to denote values of F
on the upper side of the cut, and F(§¢)= F(|£] e~'™) to denote values of F on the lower
side of the cut. We remark that in (A5) L™ '(a) does not jump in value on crossing this cut
because it is analytic at a = £, — o0 < ¢ < —k. Eliminating L ~'(¢) in the expression (A5)
gives

UN )=K"K O] U (¢),  —w<i<—k (A6)
We note that on the cut a-plane
K= it’(&z—k2)1/2= +ilk| for a= —§e*', ~o<f< —k, (A7)

and therefore

vioy o (CIIH KB = (=l ikBy) /Ixl
) ’((—lxrwkﬂz) (—l~l+ikﬁz)/lxl)’ (A8)

g | Ukl +ikB) T (k| +ikBy)
[k1(¢)] ==( B q), (A9)

Il + ikBy) ™ —]el(Ix] + ikBy) " |
;o that

. ~Isl + kB,

I+ ikB, (AlO)

KOO = | _ s,

|k] + ik B,
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Substituting (A10) into (A6) gives

kB,

wi6) = | o), (A1)
k

(€)= | o) (A12)
k

€)= | T o) (A13)

+ —,K'+lle2 _

u22(£)= W)ulz(g), — o0 <£< —k. (A14)

Equations (A11) and (A12) form a coupled system of Hilbert problems for u,; and u,,.
Similarly Eqns. (A13) and (A14) form a coupled system of Hilbert problems for u,, and
Uy,

Clearly if we can solve the coupled Hilbert problems

ikB, — k|

(0= | T (6, (A15)

-0 <é< —k,

(0~ (S i (©), (a16)

then we can solve Eqns. (Al1) to (A14).
Solution of the Hilbert problems (A15) and (A16)

We solve (A15) and (A16) by first uncoupling them. This is achieved by taking logarithms
of (A15) and (A16) and then adding and subtracting the resulting equations. This gives the
two uncoupled equations

[tog ¥(£)] "~ [log V()] "= 1og[( j’;ﬁz ;H)( ﬁ’;ﬁj - H) (A17)

[log W(£)] "+ [10g W(£)] = log{%;zi—zﬁﬂ — o0 <E< —k; (A18)
where

V(&) =u(§)uy(£), (A19)

W(§) =u,(§)/uy(§). (A20)
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By using the result [Vk + a]*= +i|k + £|'/? in the equation (A18), we can write (A17)
and (A18) in the form .

. Tkl kB (16— ik,
[log ¥(£)] "~ [log ¥(£)] "=1log |x|+ikB1) TR | | (A21)
- <$< _k9
+ - - 24 k282
log W(§) |" _[log W(£) [ _ o I'cl2 2312 . (A22)
Vk+§& Vk+§ b+ €172 7| In)® + k7B
These are standard Hilbert problems whose solution is given (see [11]) by
_ 1 r-k k] — ikBy \ [ |x] — ikB, d:
V("‘)’e"p[zm f_wIOg[(|x|+ikﬂl K|+ kB, ||1—a | (A23)
B (k+a)”? p-x 1 k> + k282 ] dr
W(“)_e"p[ 2m f_w|k+z|‘/2 log K[>+ k282 [t—a | (A24)

Obviously the exponents of V(a) and W(a), and consequently V(a) and W(a), are
analytic in Jarg(k + a)| < #; furthermore V(a)# 0 and W(a)# 0 in jarg(k + a)| < 7. The
expressions (A23) and (A24) can be reduced to simpler form by carrying out the
integrations, see Appendix B. In particular it is shown there that

W(a)=0(1) and V(a)=0(1) as |a]> o0, |arg(k+a)|<; (A25)
and

W(a)=0(1) and V(a)=0(k+a)”') as a— —k, Re(B,,)>0.(A26)

Thus particular solutions of (A15) and (A16) are given, from (A19) and (A20)

u(a) = ~[V(a)]*[W ()], (A27)

uy(a) = [V(a)] [ W(a)] 717, (A28)
where

[V()]"? = exp[3J(a)], (A29)

(Vk+a + JkB,(+) )(Vk +a + kB, (-)) 1/2.

V2=
[w(a)] (VE+a + kB, () )(VE +a + kBy(—) )

(A30)

J(a) is given by the expression (B13) of Appendix B. The choice of sign, on taking the
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square roots, for u,(a) and u,(a) in (A27) to (A30) is justified as follows. With the signs
given by (A27) to (A30) we have

1+ P 1/2 . :
20 (8] wow
By means of Plemelj’s formula [11, §17}, (A23) gives

|k| — ikB,
|| + ikB,

V() _ (w — ik,
(&) \Iel+ikB,

)a —00<£<_ka

and from (A30)

[w (&)W ()] =

(& + &1+ kB, (+))(1k + & + kB, (—)) }1/2
| (1k + £+ kB, (+))(|k + £| + kB, (—))

B £2_k2+k21312 1/2_
| £ — K+ kB3

(x| + ikB, ) (|| — ikB,) )”2
(|"|+ik,32)(|"|—ik132) ’

—w<é< —k.

Hence

_ V*(¢) 12 + - 12 _ kB — k|
(V’(&)) [W (g)W (g)] —ik182+|"|’

and therefore

“1+(§) _ kB, — x|
uz (§) " By + el

which is clearly consistent with (A15).

It is emphasized that the above result for u,(a) and u,(«) is just a particular solution,
and not the general solution. To obtain the general solution we must impose further
conditions on the functions u;(a) and u,(«) that we are interested in. First it is required
that

m(a)=0((k+a)"), u(a)=0((k+a)'*""), asa— —k, (A32)

for some &, , > —1, in order to guarantee the convergence of the integrals (39) and (40),
the singularity at 7= —k being integrable. Secondly, it is customary for the Hilbert
problem to require that u;(«) and u,(a) have finite degree at infinity, that is, u,(«) and
u,(a) have polynomial growth as |a| = .
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To determine the general solution for u,(a) and u,(a) under these conditions, sub-
stitute

m(a) =~ [V()][W()]Put(a),  up(a)=[V(@)]*[W(a)] ™ ui(a),

(A33)
into the equations (A15) and (A16), leading to the vector Hilbert problem
[ur(®)] "= [w3(O)] . [w3(O]"=[ut(®]". -w<t<-k
under the conditions
wr(@)=0((k+a)"""?),  wi(a)=0((k+a)*""), asa- -k,

and uf(a), u3(«) have finite degree at infinity.
The Hilbert problem is uncoupled through addition and subtraction, viz.

[up(€) +u3($)] "= [up () +u3(£)]”, —o0<¢<—k,

w(§) -ug(@) |"_ (@ -w© | e,

where the second equation was divided by [y/k + £]%= +i|k + £|'/% Thus the functions
u¥(a)+ u¥(e) and [uf(a) —u%(a)l/Vk + a are continuous across the branch cut, hence
by a well-known theorem {11, p. 36] these functions are analytic in the entire a-plane
except possibly at @ = —k. Such a possibility is ruled out by the requirement 8, , > —1,
which ensures that there can be no pole singularity at « = — k. In conclusion, uf(a) + u%(a)
and [uf(a) — u}(a))/Vk + a are entire functions. The second requirement of u}(a), u¥(«)
having finite degree at infinity, combined with Liouville’s theorem then yields

uf (o) ~ ui(a)

ut(a) +u3(a) =2P (a), e =2P,(a),
ur(a)=P(a)+P(a)k+a, u¥(a)=P(a) - Py(a)Vk +a, (A34)

where P,(a), P,(a) are arbitrary polynomials. Finally the general solution for u,(a) and
u,(a) is given by (A33) and (A34) as

u(a) == [V()]"[W(a)]*{ P(a) + Py(a)Vk +a}, (A35)
uy(a) = [V()]'*[W(a)] 7*{ Pi(a) — Py(a)Vk +a }. - (A36)
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Solution of the equations (A1l) to (A14)

From the solutions (A35) and (A36) the matrix elements u; ;(a), which satisfy Eqns. (A11)
to (Al4), are given by

u(a) = = [V()][W(a)]{ Py(a) + Pu(a)Vk +a ),
un(a) = [V()]*[W(a)] " { Pri(a) = Pula)k +a},
u (@) = = [V()] [ W(a)]*{ Py (a) + Pp(a)k +a ),
up(@) = [V(a)]*[W(@)] " Pry(a) = Pp(a)Vk +a ),

where P, ;(a) (i,j =1, 2) are as yet arbitrary polynomials. The matrix U(«a) can be written
more compactly as

U(a)=U(a)P(a),

where

= [V W ()] = [V()] [ W()]*(k+ )

U9(a)= 12"
V()] W()] 2 =[] ()] ™k + @)

Finally we must ensure that U(a) and L (a) are non-singular in the cut a-plane. This puts
some restrictions on the P, ;. The exact restrictions are determined by looking at Det U(a)
and Det L (a). Thus

Det U= Det U® Det P=2V(a)(k + «)"/? Det P,
2ik
(k + kB, )(x + kB,)

Therefore U and L will be non singular in the cut a-plane if Det P+ 0 for all a. Since
Det P is a polynomial, one must have Det P = constant, i.e. a polynomial of zero degree.
The matrix factorisation is not unique, and it is desirable that the polynomials P,;(«) have
lowest possible degree, in order that the two sides of the split equations (42) and (43) also
have lowest possible degree at infinity. Then the best choice for P(«a) is

ror=[3 1)

Thus we have chosen the factorisation

Det L =Det K~ Det U=

2W(a)(k + )" Det P.

uy(a) = = [V(a)]"[w(a)]'2, (A37)
un(a)=[V()]"[W(a)] V2, (A38)
up(a) =~ [V(a)][W(a)](k+ )2, (A39)

up(a)=~[V(«)]"2[W(a)] " (k+a)"”, (A40)
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where [V(a)]'/? and [W(a)]'/? are given by (A29) and (A30). The corresponding matrix
L(a) is obtained by substituting the above expressions (A37) to (A40) into

L(a)=K"'(a)U(a)

Iy h _ "’.("'*klf‘}l)_1 _i("+k182)_] Uy U
Iy 1y "("+k131)_1 ""("'*‘kﬂz)_l Uy Uy ’
giving

; NVAW (O o)]172 o)] 172

I L0 R U e O Ry (ad)
. 1,2 1,2 12 . 1,2 -1,2 1,2

1, = Vel [:V&)/L (k+a) ”  i[¥(a)] [W(:i]/zz k+a) ™ am)
—x a 1/2 a 1/2 " a 1/2 « -1/2

REE) e U0 e U0 e LB g (a3

1 (@] ()] 2k + ) e[V ()] [W ()] (k)
” (x +kBy) (x +kB;) '

(A44)

Asymptotic growth estimates

From the expressions (A37) to (A44), and the results (B15), (B17) of Appendix B, we
obtain the following growth estimates for large |a|,

un(a)=0(1), u,(a)=0(a?),
uy(a)=0(1), “22(0‘) = 0("‘1/2), (A45)

Det U(a)= O(a'/?), as |a| > oo in jarg(k + a)| <m;

hh(@)=0(a),  hy(e)=0(a"72), (Ad6)
In(a)=0(1), 122(“)=0(a1/2)’

Det L(a)= O(a"'/?), as |aj = oo in |arg(k + )| < #. In the situation when a » —k
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the expressions (A37) to (A44) in conjunction with the results (B18) and (B19) of

Appendix B give

uy(a)=0((k+a)™"%),  up(a)=0(1),
uzl(a)=0((k+a)_l/2), uy(a)=0(1),

Det U(a) = O((k +a)™"?);

hi(a)=0((k+a)”"?),  h,(a)=0Q1),
y(a)=0(1), 1 (a)=0((k+a)'"?),

Det L(a)=0(1);

as a— —k, Re B, >0, Re B,>0.

Appendix B

(A47)

(A48)

In this appendix we shall give explicit expressions for integrals which appear in Appendix

A, namely

ds
t—a’

o L2+ kBT
I|* + k*B;

—1 % 1
I(a)—ﬁf—ﬂkwﬂﬂ

and

1 —k
J(a)=—2;;/_ log

where [k|= V% — k? for —o0 <t < —k.

IKI - lsz d[
K|+ kB, ||t —a

|x] — ikB,
( || + kB, )

Evaluation of I{a)

I( ) can be written as

_1 oo{log[tz—kz(l-—,Blz)]—log[tz—kz(l—ﬁzz)]}dt
fe)=2 f (t=k)"*(t+a)

« L [ (oal o+ k(1 - 82 + ol ~ k(1 - £2)]

dt

—log[’+ k(1- ﬂzz)m] ‘log[’ —k(1- 322)1/2]} (t=k)"(t+a)

(B1)

(B2)
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=%/0°°{10g[t+k31(+)] +log[t + kB, (—)]

d:

—log[r+ kB, (+)] ~losle+ kB (O} e

where B ,(£)=14+ \/1_—3—12;

We now use the result [12, form. 14.2(27)]

j(;oo log(z+8) dy 27 27 1og( 7 +15),

12(t+y) f
larg Y| <, larg 8] < =;
giving
k kB, k kB, (—
z(a)=(k+a)“/210g( +ock kB (+) (kKB )), (B3)
(Vi +a + kB, (+) )(Vk+a + [kB,(-) )
larg(k + @) <7, Rep,; >0, Rep,>0.
Evaluation of J(a)
J(a) given by the expression (B2) can be written as
1 - || — kB \ [ k] — ikB, dr
I(a) = f(z 1./ log |x|+ik,81) |x|+ikﬁz)](t_u)2)du (B4)
=Ji(a) +J(a), (B5)
where
* x| —ikB, | dt
()= fw(me |x|+1kBl)(t_u)2)du’ (B6)
@ [k| — kB d:
Jy(a)= f(sz g I~|+zkﬂj)(,_u)2d“)' (B7)

We shall now evaluate J; («). By carrying out an integration by parts, J,(a) can be written
as
1 r-kd || — ikPBy \| _dt
Ji(a) = f [ 2u+t k) 2mi)_, dt {1°g | kB, | [ T—a |

_f[ e +k)+Q1(u)]du, (B8)
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where

k| — kB,
|k| + ik B, )

t+u

!
7|
3 |-
=~
/‘i

-

_ ! ) ds
liel(1x] — ikB,)  \l(|x]+ ikB,) | t+u

=£’§1—f°° tdt
T ke 2=k {2 = k2(1-p2) (1 + u)
=&B—]foo tdt
T VE K (iU B )+ k1 B2 (e +w)

Expanding the integrand of the last expression into partial fractions gives

kB, s> 1 1 ds
0,(x) =2 s
] 27Tj/: t—kjy1 =B t+kJ1 -8} ] (t+u)t*—k?
KB, 1 1 )
27 S \uv k1= \i—kf1—p7 1w
1 1 1 d:
+ - . (B9)
u—kyl—p2 \t+kf1-p2 T[] i2—k?
We now use the result
© d: cos‘1(8/k) T
= . larg(k+8)|<m,  cos ! (0)==,
S S e 2
in the expression (B9), giving
kB, COS_](_Vl_BIZ) cos™'(u/k)
Q,(u)= > ~ > >
2a(u+kf1-B7) | K-k (1-87) VK —u
kB, COS_I( 1_1312) cos ™ Wu/k)
+ - , (B10)

2n(u~k1-g2) | K —k2(1-p1)  ViP-w?

0 <Recos™'(u/k) <, Re(sz—uz)ZO,
Re(B,)>0,  |arg(k+u)|<m.
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In (B10) both the functions cos ™ '(u/k) and vk — u? have branch cuts at ~co <u< —k
and k < u < co. The quotient cos™'(u/k)/Vk* — u® is however continuous across k < u
< o0, hence, this branch cut can be omitted. Then Q,(u) is indeed analytic in Jarg(k + u)|
<o with a single branch cut —oo <u < —k. We also note that Q,(u«) is analytic at

u= tkyl- B3, since the singularities cancel. Substituting (B10) into (B8) gives

o -1 cos H=y1-B7)  cos~!(u
M= == kB, ( (-1-8) (/k))

+
o | 2(u+ k) 27T(u+k 1—,312) kB, k*—u?

Os—l(‘/l —,312) _ cos™(u/k) ) 4

kB, K2 — u?

kB,
2 (u—ky1-B7)

(B11)

From the expressions (B6) and (B7) it can be seen that the corresponding result for J,(«)
can be obtained from (B11) by replacing the subscript 1 by 2. Thus

1 kB, (COS”(—VI—BzZ) _cos“(u/k))

JZ(a)=f 2(“+k)+277(u+k 1—,322) kB, k*—u?

[e

kB, o5 '(V1-8F) _cos'(wb) )|, 812
2n(u—ky/1- 7 kB, k2= u?
Combining (B11) and (B12) into (B5) gives
7(e)= [ Q(u)du,
where
) cos"l(—Vl —,312) cos_l(\ll —,312)
ol _"”‘ 20 (u+kf1- B}) 27r(u——k 1-47)
+cos’1(—‘/l—,322) ( l—,Bz)
2n(u+ k1= BZ) 277(u—k 1-5})
_ kB, cos l( u/k )( 1 )
2 w' \u+k/1- g2 u-—k 1- B2
_ kB, cos l(u/k) ( 1 ) (B13)
27 u+k 1—32 H— 1-p2
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We note in particular that

{a+k 1—,312}]/2{a+k 1—,822}1/2

V(a)=exp[J(a)] =

atk
PN eyl SR f 5 Teos™'(/1-B1)/2n
(e
e kﬁl/aw‘/sl(fu:k) u+k11—,812 u—kll—,Blz )d”
=0(1), asla|—o0, Re(B,)>0, farg(k+a) <. (B15)
Also that
W(a) = exp|(k + a)'/*1(a)]
=(\/Z+a+JkBl(+))(¢k+a+{kBl(—)) (316)
(Vi + o + JkB,(+) )(Vk +a + kB, (-) )
=0(1) as laj> o, Re(B,)>0, larg(k+a)<m. (B17)
Furthermore as a > —k,
W(«)=0(1), Re(B;,)>0, (B18)
V(a)=0((k+a)™'), Re(B;,)>0. (B19)

The result (B19) follows from (see [11, §16])
1 -k [l — ik By \ [ x| — kS,
27 f_wlog ( k| + kB, |\ x|+ ik,

= —log(k + a) + bounded function, as a = —k.

dr
I—«a
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